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Abstract

The problem of graph matching under node and pair-

wise constraints is fundamental in areas as diverse as com-

binatorial optimization, machine learning or computer vi-

sion, where representing both the relations between nodes

and their neighborhood structure is essential. We present an

end-to-end model that makes it possible to learn all param-

eters of the graph matching process, including the unary

and pairwise node neighborhoods, represented as deep fea-

ture extraction hierarchies. The challenge is in the formula-

tion of the different matrix computation layers of the model

in a way that enables the consistent, efficient propagation

of gradients in the complete pipeline from the loss func-

tion, through the combinatorial optimization layer solving

the matching problem, and the feature extraction hierar-

chy. Our computer vision experiments and ablation studies

on challenging datasets like PASCAL VOC keypoints, Sin-

tel and CUB show that matching models refined end-to-end

are superior to counterparts based on feature hierarchies

trained for other problems.

1. Introduction and Related Work

The problem of graph matching – establishing corre-

spondences between two graphs represented in terms of

both local node structure and pair-wise relationships, be

them visual, geometric or topological – is important in ar-

eas like combinatorial optimization, machine learning, im-

age analysis or computer vision, and has applications in

structure-from-motion, object tracking, 2d and 3d shape

matching, image classification, social network analysis, au-

tonomous driving, and more. Our emphasis in this paper

is on matching graph-based image representations but the

methodology applies broadly, to any graph matching prob-

lem where the unary and pairwise structures can be repre-

sented as deep feature hierarchies with trainable parameters.

Unlike other methods such as RANSAC [12] or itera-

tive closest point [4], which are limited to rigid displace-

ments, graph matching naturally encodes structural infor-

mation that can be used to model complex relationships

and more diverse transformations. Graph matching oper-

ates with affinity matrices that encode similarities between

unary and pairwise sets of nodes (points) in the two graphs.

Typically it is formulated mathematically as a quadratic in-

teger program [25, 3], subject to one-to-one mapping con-

straints, i.e. each point in the first set must have an unique

correspondence in the second set. This is known to be NP-

hard so methods often solve it approximately by relaxing

the constraints and finding local optima [19, 38].

Learning the parameters of the graph affinity matrix has

been investigated by [7, 20] or, in the context of the more

general hyper-graph matching model [10], by [21]. In those

cases, the number of parameters is low, often controlling ge-

ometric affinities between pairs of points rather than the im-

age structure in the neighborhood of those points. Recently

there has been a growing interest in using deep features for

both geometric and semantic visual matching tasks, either

by training the network to directly optimize a matching ob-

jective [8, 27, 16, 36] or by using pre-trained, deep features

[23, 14] within established matching architectures, all with

considerable success.

Our objective in this paper is to marry the (shallow)

graph matching to the deep learning formulations. We pro-

pose to build models where the graphs are defined over

unary node neighborhoods and pair-wise structures com-

puted based on learned feature hierarchies. We formulate a

complete model to learn the feature hierarchies so that graph

matching works best: the feature learning and the graph

matching model are refined in a single deep architecture

that is optimized jointly for consistent results. Methodolog-

ically, our contributions are associated to the construction of

the different matrix layers of the computation graph, obtain-

ing analytic derivatives all the way from the loss function

down to the feature layers in the framework of matrix back-

propagation, the emphasis on computational efficiency for

backward passes, as well as a voting based loss function.

The proposed model applies generally, not just for match-

ing different images of a category, taken in different scenes

(its primary design), but also to different images of the same
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scene, or from a video.

2. Problem Formulation

Input. We are given two input graphs G1 = (V1, E1) and

G2 = (V2, E2), with |V1| = n and |V2| = m. Our goal

is to establish an assignment between the nodes of the two

graphs, so that a criterion over the corresponding nodes and

edges is optimized (see below).

Graph Matching. Let v ∈ {0, 1}nm×1 be an indica-

tor vector such that via = 1 if i ∈ V1 is matched to

a ∈ V2 and 0 otherwise, while respecting one-to-one map-

ping constraints. We build a square symmetric positive ma-

trix M ∈ R
nm×nm such that Mia;jb measures how well

every pair (i, j) ∈ E1 matches with (a, b) ∈ E2. For pairs

that do not form edges, their corresponding entries in the

matrix are set to 0. The diagonal entries contain node-to-

node scores, whereas the off-diagonal entries contain edge-

to-edge scores. The optimal assignment v∗ can be formu-

lated as

v∗ = argmax
v

v⊤Mv, s.t. Cv = 1,v ∈ {0, 1}nm×1 (1)

The binary matrix C ∈ R
nm×nm encodes one-to-one map-

ping constraints: ∀a
∑

i via = 1 and ∀i
∑

a via = 1. This

is known to be NP-hard, so we relax the problem by drop-

ping both the binary and the mapping constraints, and solve

v∗ = argmax
v

v⊤Mv, s.t. ‖v‖2 = 1 (2)

The optimal v∗ is then given by the leading eigenvector of

the matrix M. Since M has non-negative elements, by us-

ing Perron-Frobenius arguments, the elements of v∗ are in

the interval [0, 1], and we interpret v∗

ia as the confidence

that i matches a.

Learning. We estimate the matrix M parameterized in

terms of unary and pair-wise point features computed over

input images and represented as deep feature hierarchies.

We learn the feature hierarchies end-to-end in a loss func-

tion that also integrates the matching layer. Specifically,

given a training set of correspondences between pairs of

images, we adapt the parameters so that the matching min-

imizes the error, measured as a sum of distances between

predicted and ground truth correspondences. In our exper-

iments, we work with graphs constructed over points that

correspond to the 2d image projections of the 3d structure

of the same physical object in motion (in the context of

videos), or over point configurations that correspond to the

same semantic category (matching instances of visual cat-

egories, e.g. different birds). The main challenge is the

propagation of derivatives of the loss function through a fac-

torization of the affinity matrix M, followed by matching

(in our formulation, this is an optimization problem, solved

using eigen-decomposition) and finally the full feature ex-

traction hierarchy used to compute the unary and pair-wise

point representations.

2.1. Derivation Preliminaries

In practice, we build an end-to-end deep network that

integrates a feature extracting component that outputs the

required descriptors F for building the matrix M. We solve

the assignment problem (2) and compute a matching loss

L(v∗) between the solution v∗ and the ground-truth. The

network must be able to pass gradients w.r.t the loss function

from the last to the first layer. The key gradients to compute

– which we cover in §3 – are ∂L/∂M and ∂L/∂F. This

computation could be difficult in the absence of an appro-

priate factorization, as the computational and memory costs

become prohibitive. Moreover, as some of our layers im-

plement complex matrix functions, a matrix generalization

of back-propagation is necessary [15] for systematic deriva-

tions and computational efficiency. In the sequel we cover

its main intuition and refer to [15] for details.

Matrix backpropagation. We denote A : B =
Tr(A⊤B) = vec(A)vec(B)⊤. For matrix derivatives, if

we denote by f a function that outputs f(X) = Y and by

L the network loss, the basis for the derivation starts from

the Taylor expansion of the matrix functions [26] at the two

layers. By deriving the functional L expresssing the total

variation dY in terms of dX,

dY = L(dX) (3)

and then using that

∂L ◦ f
∂X

: dX =
∂L

∂Y
: L(dX) = L∗(

∂L

∂Y
) : dX (4)

we obtain the equality ∂(L◦f)/∂X = L∗(∂L/∂Y), where

L∗ is the adjoint operator of L. This recipe for finding the

partial derivatives is used across all of our network layers.

The derivations of L and L∗ are layer-specific and are given

in the following sections.

2.2. Affinity Matrix Factorization

Zhou and De la Torre [38] introduced a novel factoriza-

tion of the matrix M that is generally applicable to all state-

of-the-art graph matching methods. It explicitly exposes the

graph structure of the set of points and the unary and pair-

wise scores between nodes and edges, respectively,

M = [vec(Mp)] + (G2 ⊗G1)[vec(Me)](H2 ⊗H1)
⊤

(5)

where [x] represents the diagonal matrix with x on the

main diagonal, and ⊗ is the Kronecker product. The matrix
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Mp ∈ R
n×m represents the unary term, measuring node-

to-node similarities, whereas Me ∈ R
p×q measures edge-

to-edge similarity; p, q are the numbers of edges in each

graph, respectively. The two matrices encode the first-order

and second-order potentials. To describe the structure of

each graph, we define, as in [38], the node-edge incidence

matrices as G,H ∈ {0, 1}n×p, where gic = hjc = 1 if

the cth edge starts from the ith node and ends at the jth

node. We have two pairs, {G1,H1} ∈ {0, 1}n×p and

{G2,H2} ∈ {0, 1}m×q , one for each image graph.

One simple way to build Me and Mp is

Me = XΛY⊤,Mp = U1U2⊤ (6)

where X ∈ R
p×2d and Y ∈ R

q×2d are the per-edge feature

matrices, constructed such that for any cth edge that starts

from the ith node and ends at the jth node, we set the edge

descriptor as the concatenation of the descriptors extracted

at the two nodes

Xc = [F1
i |F1

j ],Yc = [F2
i |F2

j ] (7)

The matrices F1,U1 ∈ R
n×d and F2,U2 ∈ R

m×d contain

per-node feature vectors of dimension d, extracted at possi-

bly different levels in the network, and Λ is a 2d×2d block-

symmetric parameter matrix. Superscripts 1, 2 indicate over

which input image (source or target) are the features com-

puted.

3. Deep Network Optimization for Graph

Matching

In this section we describe how to integrate and learn

the graph matching model end-to-end, by implementing the

required components in an efficient way. This allows us to

back-propagate gradients all the way from the loss function

down to the feature layers. The main components of our

approach are shown in Fig. 1.

3.1. Affinity Matrix Layer

If we define the node-to-node adjacency matrices A1 ∈
{0, 1}n×n,A2 ∈ {0, 1}m×m, with aij = 1 if there is an

edge from the ith node to the jth node, then

A1 = G1H
⊤

1 ,A2 = G2H
⊤

2 (8)

The Affinity Matrix layer receives as input the required hi-

erarchy of features, and the adjacency matrices A1 and A2

used to reconstruct the optimal G1,H1,G2,H2 matrices,

which verify the equations (8). It is easier to describe the

connectivity of the graphs by adjacency matrices than by

node-edge incidence matrices, but we still need the latter for

efficient backward passes at higher layers of the network.

Next, we describe the forward and the backward passes of

this layer, as parts of the trainable deep network.

Forward pass.

1. Given A1, A2, recover the matrices G1, H1, G2, H2,

such that A1 = G1H
⊤
1 ,A2 = G2H

⊤
2

2. Given F1,F2, build X,Y according to (7)

3. Build Me = XΛY⊤

4. Given U1,U2, build Mp = U1U2⊤

5. Build M according to (5) and make G1,H1,G2,H2

available for the upper layers

Backward pass. Assuming the network provides

∂L/∂Me and ∂L/∂Mp, this layer must return ∂L/∂F1,

∂L/∂F2, ∂L/∂U1 and ∂L/∂U2; it must also compute

∂L/∂Λ in order to update the matrix Λ. We assume

∂L/∂Me and ∂L/∂Mp as input, and not ∂L/∂M,

because the subsequent layer can take advantage of this

special factorization for efficient computation. We note that

matrix Λ must have the following form in order for M to

be symmetric with positive elements

Λ =

(

Λ1 Λ2

Λ2 Λ1

)

,Λij > 0, ∀i, j (9)

Writing the variation of the loss layer in terms of the varia-

tion of edge matrix and using the recipe (4),

dL =
∂L

∂Me

: dMe =
∂L

∂Me

: d(XΛY⊤)

=
∂L

∂Me

: (dXΛY⊤ +XdΛY⊤ +XΛdY⊤)

=
∂L

∂Me

YΛ⊤ : dX+X⊤
∂L

∂Me

Y : dΛ+

+
∂L

∂Me

⊤

XΛ : dY (10)

We identify the terms

∂L

∂X
=

∂L

∂Me

YΛ⊤

∂L

∂Λ
= X⊤

∂L

∂Me

Y

∂L

∂Y
=

∂L

∂Me

XΛ (11)

To compute the partial derivatives ∂L/∂F1 and ∂L/∂F2,

we identify and sum up the corresponding 1× d sub-blocks

in the matrices ∂L/∂X and ∂L/∂Y. The partial derivative

∂L/∂Λ is used to compute the derivatives ∂L/∂Λ1 and

∂L/∂Λ2. Note that in implementing the positivity condi-

tion from (9), one can use a ReLU unit.
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Deep Feature Extractor

In: I1, I2
Out: features matrices F1,F2 and

U
1,U2 as computed by any CNN,

at certain levels of the hierarchy,

e.g. VGG-16 [29]

→

Affinity Matrix

In: F1,F2,U1,U2

Build graph structure:

G1,G2,H1,H2

Computations: build Me and Mp

Out: M as given by eq. (5)

→

Power Iteration

In: M

Computations: v0 ← 1,

vk+1 = Mvk/ |Mvk|
Out: v∗

→

→

Bi-Stochastic

In: v∗

Computations: reshape v
∗ to a

matrix and apply eqs. (19)

Out: double-stochastic

confidence matrix S

→

Voting

In: S ∈ R
n×m

Computations: softmax(αS)
Parameters: scale α

Out: displacement vector d as

given by eq. (22)

→

Loss

In: d,dgt

Out: L(d) =
∑

i
φ(di − d

gt
i )

Figure 1: Computational pipeline of our fully trainable graph matching model. In training, gradients w.r.t. the loss function

are passed through a deep feature extraction hierarchy controlling the unary and pair-wise terms associated to the nodes and

edges of the two graphs, the factorization of the resulting affinity matrix, the eigen-decomposition solution of the matching

problem, and the voting-based assignment layer. For each module we show the inputs, outputs and the key variables involved.

Detailed derivations for the associated computations are given in the corresponding paper sections.

3.2. Power Iteration Layer

Computing the leading eigenvector v∗ of the affinity ma-

trix M can be done using power iterations

vk+1 =
Mvk

‖Mvk‖
(12)

We initialize v0 = 1. We use ‖·‖ as the ℓ2 norm, ‖·‖2.

Forward pass. We run the assignment from (12) for N
iterations, and output the vector v∗ = vN . Recall that

M ∈ R
nm×nm, where n,m are the number of nodes in

each graph and p, q respectively the number of edges, the

time complexity of the forward pass, per power iteration,

is O(n2m2), when the matrix M is dense. If we exploit

the sparsity of M the cost drops to O(nnz) where nnz rep-

resents the number of non-zero elements of the matrix M,

being equal to pq + nm.

Backward pass. To compute gradients, we express the

variation of the loss and identify the required partial deriva-

tives

dL =
∂L

∂vk+1

: dvk+1 =
∂L

∂vk+1

: d
Mvk

‖Mvk‖

d
Mvk

‖Mvk‖
=

(I− vk+1v
⊤

k+1)

‖Mvk‖
d(Mvk) =

=
(I− vk+1v

⊤

k+1)

‖Mvk‖
(dMvk +Mdvk) (13)

Knowing that y : Ax = yx⊤ : A = A⊤y : x, and using

the symmetry of M, we derive

dL =
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

v⊤

k : dM+

+M
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

: dvk

(14)

Noticing that dvk is still a function of dM, the gradients

∂L/∂M and ∂L/∂vk are iteratively built:

∂L

∂M
=

∑

k

(I− vk+1v
⊤

k+1)

‖Mvk‖
∂L

∂vk+1

v⊤

k (15)

∂L

∂vk

= M
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

where we receive ∂L/∂v∗ from the upper network lay-

ers. The computational cost of (15) is O(m2n2) – regard-

less of the sparsity of M – and the memory complexity is

Θ(m2n2). Such costs are prohibitive in practice. By em-

ploying techniques of matrix back-propagation [15], we

can exploit the special factorization (5) of matrix M, to

make operations both memory and time efficient. In fact, set

aside efficiency, it would not be obvious how a classic ap-

proach would be used in propagating derivatives through a

complex factorization like (5). Exploiting (5) and the recipe

from (4), and omitting for clarity the term Mp, we obtain

(16) as detailed in Fig. 2.

Note that
(

·
)

n×m
is the operator that reshapes an nm×1

vector into an n × m matrix. For derivations we use the

property that, for any compatible matrices A,B and V,

(A ⊗ B)⊤vec(V) = vec(B⊤VA). Consequently, by also

considering the unary term Mp, it follows that
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(I− vk+1v
⊤

k+1)

‖Mvk‖
∂L

∂vk+1

v⊤

k : dM =
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

v⊤

k : (G2 ⊗G1)[vec(dMe)](H2 ⊗H1)
⊤

= diag

(

(G2 ⊗G1)
⊤
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

v⊤

k (H2 ⊗H1)

)

: dMe

= (G2 ⊗G1)
⊤
(I− vk+1v

⊤

k+1)

‖Mvk‖
∂L

∂vk+1

⊙ (H2 ⊗H1)
⊤vk : dMe

= G⊤

1

(

(I− vk+1v
⊤

k+1)

‖Mvk‖
∂L

∂vk+1

)

n×m

G2 ⊙H⊤

1

(

vk

)

n×m

H2 : dMe (16)

Figure 2: Derivations expressing the variation of the loss function w.r.t the variation of the edge affinity matrix Me, given the

variation of the loss function w.r.t the variation of the whole affinity matrix M, from eq. (14)

∂L

∂Me

=
∑

k

G⊤

1

(

(I− vk+1v
⊤

k+1)

‖Mvk‖
∂L

∂vk+1

)

n×m

G2⊙

⊙H⊤

1

(

vk

)

n×m
H2 (17)

∂L

∂Mp

=
∑

k

(I− vk+1v
⊤

k+1)

‖Mvk‖
∂L

∂vk+1

⊙ vk (18)

With careful ordering of operations, the complexities for

the backward pass are now O(max(m2q, n2p)) and Θ(pq).
Taking into account the sparsity of the node-edge incidence

matrices G,H, efficiency can be further improved.

3.3. Bi­Stochastic Layer

We make the result of the Power Iteration layer double-

stochastic by mapping the eigenvector v∗ on the L1 con-

straints of the matching problem (1): ∀a,∑i via = 1 and

∀i,
∑

a via = 1. This is suggested by multiple authors

[13, 37, 19], as it was observed to significantly improve per-

formance. We introduce a new Bi-Stochastic layer that takes

as input any correspondence vector v∗ ∈ R
nm×1
+ , reshaped

to a matrix of size n×m, and outputs the double-stochastic

variant, as described in [30]. Even though the original al-

gorithm assumes only square matrices, the process can be

generalized as shown in [9].

Forward pass. Given a starting matrix S0 =
(

v∗
)

n×m
,

we run the following assignments for a number of iterations

Sk+1 = Sk[1
⊤

nSk]
−1,Sk+2 = [Sk+11m]−1Sk+1 (19)

Backward pass. Given a starting gradient ∂L/∂S, we it-

eratively compute

∂L

∂Sk+1

= [Sk+21m]−1 ∂L

∂Sk+2

−

− diag

(

[Sk+21m]−2 ∂L

∂Sk+2

S⊤

k+2

)

1⊤

m (20)

∂L

∂Sk

=
∂L

∂Sk+1

[1⊤

nSk+1]
−1−

− 1ndiag

(

[1⊤

nSk+1]
−2S⊤

k+1

∂L

∂Sk+1

)⊤

(21)

3.4. Converting Confidence­maps to Displacements

We use a special layer, called Voting layer to convert

from the confidence map S ∈ R
n×m – passed on by the Bi-

Stochastic layer – to a displacement vector. The idea is to

normalize, for each assigned point i, its corresponding can-

didate scores given by the ith row of S, denoted S(i, 1...m).
We then use it to weight the matrix of positions P ∈ R

m×2

and subtract the position of match i.

di =
exp[αS(i, 1...m)]
∑

j exp[αS(i, j)]
P−Pi (22)

where [] is now just a bulkier bracket. In practice we set α
to large values (e.g. 200). By softly voting over the fixed

candidate locations, our solution can interpolate for more

precise localization. We also set confidences to 0 for can-

didates that are too far away from assigned points, or those

added through padding. Hence these do not contribute to

the loss, given by

L(d) =
∑

i

φ(di − d
gt
i ) (23)

where φ(x) =
√
x⊤x+ ǫ is a robust penalty term, and dgt

is the ground-truth displacement from the source point to
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the correct assignment. This layer is implemented in mul-

tiple, fully differentiable steps: a) first, scale the input by

α, b) use a spatial map for discarding candidate locations

that are further away than a certain threshold from the start-

ing location and use it to modify the confidence maps, c)

use a softmax layer to normalize the confidence maps, d)

compute the displacement map. The discard map sets the

confidences to 0 for points that are further away than a cer-

tain distance, or for points that were added through padding.

Such points do not contribute in the final loss, given by (23).

4. Experiments

In this section we describe the models used as well as de-

tailed experimental matching results, both quantitative (in-

cluding ablation studies) and qualitative, on three challeng-

ing datasets: MPI Sintel, CUB, and PASCAL keypoints.

Deep feature extraction network. We rely on the VGG-

16 architecture from [29], that is pretrained to perform clas-

sification in the ImageNet ILSVRC [28] but we can use

any other deep network architecture. We implement our

deep learning framework in MatConvNet [31]. As edge

features F we use the output of layer relu5_1 (and the

entire hierarchy under it), and for the node features U we

use the output of layer relu4_2 (with the parameters of

the associated hierarchy under it). Features are all normal-

ized to 1 through normalization layers, right before they are

used to compute the affinity matrix M. We conduct experi-

ments for geometric and semantic correspondences on MPI-

Sintel [6], Caltech-UCSD Birds-200-2011 [32] and PAS-

CAL VOC [11] with Berkeley annotations [5].

Matching networks. GMNwVGG is our proposed Graph

Matching Network based on a VGG feature extractor. The

suffix -U means that default (initial) weights are used; -T

means trained end-to-end; the GMNwVGG-T w/o V variant

does not use, at testing, the Voting layer in order to compute

the displacements, but directly assigns indices of maximum

value across the rows of the confidence map S, as corre-

spondences. NNwVGG gives nearest-neighbour matching

based on deep node descriptors U.

MPI-Sintel. Besides the main datasets CUB and PAS-

CAL, typically employed in validating matching methods,

we also use Sintel in order to demonstrate the generality

and flexibility of the formulation. The Sintel input images

are consecutive frames in a movie and exhibit large dis-

placements, large appearance changes, occlusion, non-rigid

movements and complex atmospheric effects (only included

in the final set of images). The Sintel training set consists of

23 video sequences (organized as folders) and 1064 frames.

In order to make sure that we are fairly training and eval-

uating, as images from the same video depict instances of

the same objects, we split the data into 18 folders (i.e. 796

image pairs) for training and 5 folders (i.e. 245 image pairs)

for testing. To be able to set a high number of correspon-

dences under the constraints of memory usage and avail-

able computational resolutions of our descriptors, we parti-

tion the input images in 4× 4 blocks padded for maximum

displacement, which we match one by one. Note that for

this particular experiment we do not use the Bi-Stochastic

layer, as the one-to-one mapping constraints do not apply

to the nature of this problem (the assignment can be many-

to-one e.g. in scaling). Notice that our model is designed

to establish correspondences between two images contain-

ing similar structures, generally from different scenes, not

tailored explicitly for optical flow, where additional smooth-

ness constraints can be exploited. A main point of our Sintel

experiments is to show the scalability of our method which

operates with affinity matrices of size 106 × 106. A com-

plete forward and backward pass runs in roughly 2 seconds

on a 3.2 Ghz Intel Xeon machine, with Titan X Pascal GPU.
1 We show quantitative results in table 1. We use the Per-

centage of Correct Keypoints metric to test our matching

performance, with a threshold of 10 pixels. We compare

against other state-of-the-art matching methods, following

the protocol in [8]. Notice that even untrained, our net-

Method PCK@10 pixels

SIFT flow [22] 89.0

DaisyFF [34] 87.3

DSP [17] 85.3

DM [33] 89.2

UCN [8] 91.5

NNwVGG-U 85.9

NNwVGG-T 87.01

GMNwVGG-U 88.03

GMNwVGG-T 92.6

Table 1: Comparative matching results for Sintel.

work remains competitive, as the graph structure acts as a

regularizer. After training, the network has significantly in-

creased accuracy. Visual examples are given in fig. 4.

CUB. This dataset contains 11,788 images of 200 bird

categories, with bounding box object localization and 15

annotated parts. We use the test set built by [16] which con-

sists of 5,000 image pairs that are within 3 nearest neighbors

apart on the pose graph of [18], so we can expect that birds

are in somewhat similar poses in each pair to be tested. But

across all images, there is a significant variation in pose, ar-

ticulation and appearance. To train our model, we sample

1One possible speed-up could be to not propagate gradients through

expensive layers like the relaxation during each power iteration, but do it

only once at convergence[1, 2]. In principle, this would not be the correct

gradient and in our tests this approach indeed did not converge.
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random pairs of images from the training set of CUB-200-

2011, which are not present in the test set. The number of

points in the two graphs are maximum n = 15 and m = 256
– as sampled from a 16×16 grid – with a Delaunay triangu-

lation on the first graph, and fully connected on the second.

In the Voting layer, we no longer discard candidate locations

that are too far away from the source points. A complete

forward and backward pass runs in 0.3 seconds.

Method EPE (in pixels) PCK@0.05

GMNwVGG-U 41.63 0.63

NNwVGG-U 59.05 0.46

GMNwVGG-T w/o V 18.22 0.83

GMNwVGG-T 17.02 0.86

Table 2: Our models (with ablations) on CUB.

We show quantitative results in table 2. The ”PCK@α”

metric [35] represents the percentage of predicted corre-

spondences that are closer than α
√
w2 + h2 from ground-

truth locations, where w, h are image dimensions. Qualita-

tive results are shown in fig. 5.

Our end-to-end fully trainable matching models signifi-

cantly outperform nearest neighbor approaches (EPE error

is halved) based on deep features or similar graph matching

formulations based on deep features not refined jointly

with the assignment model. Our model GMNwVGG-T w/o

V which does not use, at testing, the Voting layer in order

to compute the displacements is inferior to the soft-voting

mechanism of our compete method GMNwVGG-T. We

also achieve state-of-the-art results compared to UCN [8],

WarpNet [16], SIFT [24] and DSP [17], cf. fig. 3.

Figure 3: Our methods and other state-of-the-art techniques

on CUB.

PASCAL VOC keypoints. This dataset is an extension

of PASCAL VOC 2011 and contains annotations of body

parts for 20 semantic classes. There are 7,000 annotated

examples for training, and 1,700 for testing, but we can

form pairs between any two examples of the same class.

While the numbers of examples for each class are heav-

ily imbalanced, at training we draw random examples from

each class, according to its corresponding probability. At

train and test time we crop each example around its bound-

ing box, re-scale it to 256× 256 and pass it to the network.

We train one matching network for all classes, hence our

model is agnostic to the semantic category. This dataset is

considerably more challenging than CUB: bounding-boxes

can range from very large to extremely small (e.g. 30×30),

the training and testing pairs cover combinations of two im-

ages from each class (meaning that we cannot expect them

to contain objects in the same pose) and the appearance vari-

ation is more extreme. We rely on the same protocol for

evaluation and setting meta-parameters as in the CUB ex-

periment. Results are shown in Fig. 6, and comparisons in

table 3.

Method PCK@0.1 (Class average)

conv4 flow [23] 24.9

SIFT flow [22] 24.7

UCN [8] 38.9

NNwVGG-U 25.4

GMNwVGG-U 29.8

GMNwVGG-T 40.6

Table 3: Our models as well as other state-of-the art ap-

proaches on PASCAL VOC.

We test following the same protocol as for CUB-200-

2011 and obtain improvements over state-of-the-art. Notice

that results of UCN [8] differ from the paper, as we use

the straight average for the 20 semantic classes. Their pa-

per reports the weighted average based on class frequency

– under that metric UCN obtains PCK@0.1 = 44 and we

obtain 45.3, so the improvement is preserved compared to

the direct averaging case.

5. Conclusions

We have presented an end-to-end learning framework for

graph matching with general applicability to models con-

taining deep feature extraction hierarchies and combinato-

rial optimization layers. We formulate the problem as a

quadratic assignment under unary and pair-wise node rela-

tions represented using deep parametric feature hierarchies.

All model parameters are trainable and the graph matching

optimization is included within the learning formulation.

As such, the main challenges are the calculation of back-

propagated derivatives through complex matrix layers and

the implementation of the entire framework (factorization

of the affinity matrix, bi-stochastic layers) in a computation-

ally efficient manner. Our experiments and ablation stud-

ies on diverse datasets like PASCAL VOC keypoints, Sintel

and CUB show that fully learned graph matching models
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Figure 4: Four visual examples on the MPI-Sintel test partition, which exhibit large motions and occlusion areas. From top

to bottom: the source images with the initial grid of points overlaid and the target images with the corresponding matches

as found by our fully trained network. Colors are unique and they encode correspondences. Even for fast moving objects,

points tend to track the surface correctly, without sliding – see e.g. the dragon’s wing, claw, and the flying monster.

Figure 5: Four qualitative examples of our best performing network GMNwVGG-T, on the CUB-200-2011 test-set. Images

with a black contour represent the source, whereas images with a red contour represent targets. Color-coded correspondences

are found by our method. The green framed images show ground-truth correspondences. The colors of the drawn circular

markers uniquely identify 15 semantic keypoints.

Figure 6: Twelve qualitative examples of our best performing network GMNwVGG-T on the PASCAL VOC test-set. For

every pair of examples, the left shows the source image and the right the target. Colors identify the computed assignments

between points. The method finds matches even under extreme appearance and pose changes.

surpass nearest neighbor counterparts, or approaches that

use deep feature hierarchies that were not refined jointly

with (and constrained by) the quadratic assignment prob-

lem.
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摘要 

在节点和配对约束下的图匹配问题是组合优

化、机器学习或计算机视觉等许多领域中的基本问

题，其中表示节点之间的关系及其邻域结构是至关

重要的。我们提出一个端到端的模型，使得能够学

习图形匹配过程的所有参数，包括表示为深度特征

提取层次的一元节点邻域和两元节点邻域。挑战在

于通过求解匹配问题的组合优化层以及有限元，以

一种能够从损失函数在完整流水线中实现梯度的

一致、有效传播的方式建立模型的不同矩阵计算层

并提取层次。我们在 PASCAL VOC 关键点、Sintel
和 CUB 等具有挑战性的数据集上的计算机视觉实

验和烧蚀研究表明，基于针对其他问题训练的特征

层次结构的匹配模型优于端到端的匹配模型。 

1. 介绍和相关工作 

图匹配问题——建立两个用局部节点结构和

成对关系表示的图之间的对应关系，不管它们是视

觉的、几何的或拓扑的——在诸如组合优化、机器

学习、图像分析或协作等领域中都很重要。计算机

视觉，在结构从运动、目标跟踪、二维和三维形状

匹配、图像分类、社会网络分析、自主性驾驶等方

面都有应用。本文的重点是匹配基于图的图像表示，

但是这种方法广泛地应用于任何图匹配问题，其中

一元结构和成对结构可以用具有可训练参数的深

特征层次来表示。 

不像 RANSAC[12]或迭代最近点[4]等仅限于

刚性位移的其他方法，图形匹配自然地编码可用于

建模复杂关系和更多样化变换的结构信息。图匹配

使用关联矩阵操作，关联矩阵编码两个图中的一元

节点集和二元节点集（点）之间的相似性。典型地，

它被数学地表示为二次整数程序[25，3]，受一对一

映射约束，即，第一组中的每个点必须在第二组中

具有唯一的对应关系。这是已知的 nPHARD，所以

方法通常通过放宽约束和找到局部最优解来近似

求解[19, 38]。 

学习图关联矩阵的参数已经由[7，20]或，在更

一般的超图匹配模型[10]的背景下，由[21]研究。在

这些情况下，参数的数量较低，通常控制点对之间

的几何相似性，而不是控制这些点附近的图像结构。

近来，通过训练网络以直接优化匹配目标[8、27、
16、36]或通过在已建立的匹配体系结构中使用预

先训练的深层特征[23、14]，对于将深层特征用于

几何和语义视觉匹配任务越来越感兴趣并都取得

了相当大的成功。 

本文的目的是将（浅）图匹配与深度学习公式

相结合。我们建议建立模型，其中图定义在一元节

点邻域上，并且基于学习的特征层次计算成对结构。

我们建立了一个完整的模型来学习特征层次，使得

图匹配工作得最好：特征学习和图匹配模型在一个

单一的深层结构中被细化，该深层结构被联合优化

以获得一致的结果。在方法上，我们的贡献与计算

图的不同矩阵层的构造有关，在矩阵反向传播框架

中从损失函数一直到特征层都获得解析导数，强调

计算效率。反向传递的公信力，以及基于投票的损

失函数。所提出的模型一般不仅适用于匹配不同场

景（其主要设计）中拍摄的类别的不同图像，还适

用于同一场景的不同图像，或来自视频的不同图像。 

2. 问题公式化 

输 入 ： 我们 定 义 两个 输 入 图 ( )1 1 1,G V E= 和

( )2 2 2,G V E= 并且 1V n= ， 2V m= 。我们的目标是

在两个图的节点之间建立分配，从而优化了对应节

点和边缘的准则（参见下文）。 
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图匹配：令 { } 10,1 nm×∈v 为一个指示向量，且 1ia =v
如果 1i V∈ 匹配 2a V∈ ，否则为 0 作为满射的限制。

我们构建一个对称正矩阵 nm nm×∈M  ， ;ia jbM 代表

( ) 1,i j E∈ 匹配 ( ) 2,a b E∈ 的结果。对于不形成边缘

的对，它们在矩阵中的对应条目被设置为 0。对角

线条目包含节点到节点的分数，而非对角线条目包

含边缘到边缘的分数。最优
*v 的取值可以按如下

构建： 

{ } 1* Targ max ,  . . 1,  0,1 nm

v
s t ×= = ∈v v Mv Cv v  (1)  

二进制矩阵 nm nm×∈C  编码一一映射限制条件： 

1, 1ia iai a
a i∀ = ∀ =∑ ∑v v  

这是人们所熟知的 NP 完全问题，因此，我们通过

删除二进制和映射约束来放松问题，并解决： 

* T
2

arg max ,  . . 1s t= =
v

v v Mv v  (2)  

然后由矩阵 M 的前导特征向量给出最优的
*v 由于 M 具有非负元素，因此通过使用 Perron-

Frobenius 参数， *v 的元素在区间 [0,1]，我们将 *
iav

解释为 i 匹配 a 的置信度。 

学习：我们根据输入图像上计算的一元和二元点特

征估计参数化的矩阵M ，并将其表示为深特征层

次结构。我们学习的特征层次结构的端到端的损失

函数，也集成了匹配层。具体地说，给定一对图像

之间的对应训练集，我们调整参数，使得匹配误差

最小化，所述误差是以预测与地面真实对应之间的

距离之和测量的。在我们的实验中，我们使用在对

应于运动中的相同物理对象的 3d 结构的 2d 图像

投影的点上构建的图（在视频上下文中），或者使

用对应于相同语义类别的点配置（视觉的匹配实

例）。类别，例如不同的鸟）。主要的挑战是通过关

联矩阵M 的因式分解传播损失函数的导数，然后

进行匹配（在我们的公式中，这是一个优化问题，

使用特征分解来解决），最后是计算所用的全特征

提取层次。一元和对偶点表示。 

2.1 初等推导 

在实践中，我们建立了一个端到端的深层网络，

该网络集成了一个特征提取组件，该组件输出构建

矩阵M 所需的描述符F 。我们解决了指派问题（2），
并且计算了解 *v 与真是值之间的匹配损失 *( )L v 。

网络必须能够将梯度函数从最后一层传递到第一

层。我们需要计算的关键梯度是 /∂ ∂L M 和 /∂ ∂L F 。

由于计算和存储成本变得令人望而却步，在缺乏适

当的因式分解的情况下，这种计算会很困难。此外，

由于我们的一些层实现复杂的矩阵函数，为了系统

的推导和计算效率，反向传播的矩阵推广是必要的

[15]。在接下来中，我们涵盖了它的主要直觉，并

参考[15]的细节。 

矩阵反向传播： 

我们使用符号 T T: ( ) ( ) ( )tr vec vec= =A B A B A B 。对

于矩阵的导数，我们用函数记号 f 表示输出为

( )f =X Y 并且 L 为网络的损失。两层的导数的基

础来自于矩阵函数的泰勒展开[26]。通过对 L 函数

的求导根据 dX 求出 dY ， 

( )d L d=Y X  (3)  

并且使用 

*: : ( ) ( ) :L f L Ld L d L d∂ ∂ ∂
= =

∂ ∂ ∂
X X X

X Y Y
  (4)  

我们取得等式 *( ) / ( / )L f L L∂ ∂ = ∂ ∂X Y ，这里的 *L
是 L 的伴随算子。这个求偏导数的方法用于我们所

有的网络层。L 和 *L 的推导是层特异性的，并在以

下各节中给出。 

2.2 关联矩阵分解 

Zhou 和 De la Torre [38]引入了矩阵M 的一种

新的因式分解，它通常适用于所有最先进的图匹配

方法。它显式地公开了点集的图结构，以及节点和

边缘之间的一元和二元得分， 

T
2 1 2 1[ ( )] ( )[ ( )]( )p evec vec= + ⊗ ⊗M M G G M H H  (5)  

这里的 [ ]x 代表以 x 作为主对角线的对角矩阵，⊗

是 Kronecker 乘法。矩阵 n m
p

×∈M  代表一元项，
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表示点对点的相似度，类似地， p q
e

×∈M  表示边

对边的相似度； p ，q 是每个图的边的数量。这两

个矩阵编码一阶和二阶势能。为了描述每个图的结

构 ， 我 们 定 义 点 对 边 的 关 联 度 矩 阵 [38]
, {0,1}n p×∈G H ，这里 1ic jcg h= = 如果第 c个边以地

i 个点为起点且以第 j 个点为终点。我们有两对

1 1{ , } {0,1}n p×∈G H 和 2 2{ , } {0,1}m q×∈G H 每一个对

应着一个图。 

 一个简单的方式构建 eM 和 pM 为 

T 1 2T,e p= =M XΛY M U U  (6)  

这里 2p d×∈X  和 2q d×∈Y  是每个边缘特征矩阵，

构造成使得对于从第 i 个节点开始并结束于第 j 个
节点的任何第 c个边，我们将边描述符设置为在两

个节点处提取的描述符的连接 

1 1 2 2[ | ], [ | ]c i j c i j= =X F F Y F F  (7)  

矩阵 1 1, n d×∈F U  和 2 2, m d×∈F U  包含维数 d
的每个节点特征向量，在网络中可能以不同级别提

取，并且Λ 是 2 2d d× 的块对称参数矩阵。上标 1, 
2 指示哪个输入图像（源或目标）是计算的特征。 

3. 图匹配的深度网络的优化 

在本节中，我们将描述如何通过有效地实现所

需的组件来集成和学习端到端的图匹配模型。这使

得我们可以将梯度从损失函数向下传播到特征层。

我们的方法的主要组成部分如图 1 所示。 

3.1 相似矩阵层 

如果我们定义点对点的邻接矩阵 1 {0,1}n n×∈A ，

2 {0,1}m m×∈A ，且如果有一条连接第 i 和第 j 个节

点的边，则 1ija = 且 

T T
1 1 1 2 2 2,= =A G H A G H  (8)  

相似矩阵层接收所需的特征层次作为输入，以

及用于重构最优 1 1 2 2, , ,G H G H 矩阵的邻接矩阵 1A
和 2A ，从而验证公式(8)。用邻接矩阵描述图的连

通性比用节点-边缘关联矩阵更容易，但是我们仍

然需要后者，以便在网络的较高层进行有效的向后

传递。接下来，我们描述了这一层的向前和向后通

过，作为可训练的深度网络的一部分。 

前向传递： 

1. 给出 1 2,A A ，恢复矩阵 1 1 2 2, , ,G H G H 使得
T T

1 1 1 2 2 2,= =A G H A G H  

2. 给出 1 2,F F ，构建 ,X Y根据式（7） 

3. 构建 T
e =M XΛY  

4. 给出 1 2,U U ，构建 1 2T
p =M U U  

5. 构建M 根据式（5）并且使得 1 1 2 2, , ,G H G H 对

于上一层可用。 

反向传递：假设网络提供 / eL∂ ∂M 和 / pL∂ ∂M ，这

层必须返回 1/L∂ ∂F ， 2/L∂ ∂F ， 1/L∂ ∂U 和 2/L∂ ∂U ；

它也必须计算 /L∂ ∂Λ以便更新矩阵Λ 。我们假设

/ eL∂ ∂M 和 / pL∂ ∂M 作为输入，而不是 /L∂ ∂M 因

为后续层可以利用这种特殊的分解来进行有效的

计算。我们注意到矩阵Λ 必须具有以下形式，以便

M 与正元素对称 

1 2

2 1

, 0, ,ij i j
 

= > ∀ 
 

Λ Λ
Λ Λ

Λ Λ
 (9)  

 根据边缘矩阵的变化和使用公式（4）写出损

失层的变化， 

T

T T T

T T

T

: : ( )

: ( )

e
e e

e

e e

e

L LdL d d

L d d d

L Ld d

L d

∂ ∂
= =
∂ ∂

∂
= + +
∂

∂ ∂
= + +
∂ ∂

∂
+
∂

M XΛY
M M

XΛY X ΛY XΛ Y
M

YΛ X X Y Λ
M M

XΛ Y
M

： ：

：

 (10)  

我们确定项 
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T

T

e

e

e

L L

L L

L L

∂ ∂
=

∂ ∂
∂ ∂

=
∂ ∂
∂ ∂

=
∂ ∂

TΛ
X M

X Y
Λ M

XΛ
Y M

 (11)  

为了计算偏导数 1/L∂ ∂F 和 2/L∂ ∂F ，我们定义

和做和了矩阵 /L∂ ∂X 和 /L∂ ∂Y 中相应的1 d× 子

块。注意到在从（9）中实现正性条件时，可以使

用 ReLU 单元。 

3.2 幂迭代层 

使用幂迭代可以计算关联矩阵M 的主导特征

向量 *v   

1
k

k
k

+ =
Mv

v
Mv

 (12)  

我们初始化 0 1=v ，使用  代表 2 范数
2
 。 

前向计算：我们运行式（12）中的赋值 N 次，

则输出向量 *
N=v v 。回忆 nm nm×∈M  ，这里的 ,n m

是每张图的节点数， ,p q 是每张图的边数，因此前

向计算的时间复杂度为 2 2( )O n m 如果矩阵M 是稠

密的。如果我们利用 M 的稀疏性，成本下降到

( )O nnz ，其中nnz 表示矩阵M 的非零元素的数量，

等于 pq nm+ 。 

反向计算：为了计算梯度，我们表达损失的变

化和识别所需的偏导数 

( )
( )

( )
( )

1
1 1

T
1 1

T
1 1

: : k
k

k k k

k kk
k

k k

k k
k k

k

L LdL d d

d d

d d

+
+ +

+ +

+ +

∂ ∂
= =
∂ ∂

−
=

−
= +

Mv
v

v v Mv

I v vMv
Mv

Mv Mv

I v v
Mv M v

Mv

 (13)  

由于 T T: : := =y Ax yx A A y x ，并且使用M 的对称

性，我们得到 

( )

( )

T
1 1 T

1

T
1 1

1

k k
k

k k

k k
k

k k

LdL d

L d

+ +

+

+ +

+

− ∂
= +

∂

− ∂
+

∂

I v v
v M

Mv v

I v v
M v

Mv v

：

：

 (14)  

 注意到 kdv 依旧是 dM 的函数，梯度 /L∂ ∂M
和 / kL∂ ∂v 构建如下： 

( )

( )

T
1 1 T

1

T
1 1

1

k k
k

k k k

k k

k k k

L L

L L

+ +

+

+ +

+

−∂ ∂
=

∂ ∂

−∂ ∂
=

∂ ∂

∑
I v v

v
M Mv v

I v v
M

v Mv v

 (15)  

这里我们从上层网络层接收 */L∂ ∂v 。式（15）的计

算代价是 2 2( )O m n —无论M 的稀疏性如何，并且

 

 

 

 

 

 

 

 

 

深度特征提取器 
输入：  

输出：在层级的某些层次上由

任何 CNN 计算出来的特征矩

阵 和 ，例如：

VGG-16[29] 

关联矩阵 
输入：  

构建图结构：  
计算：构建  

输出：由式（5）计算  

幂迭代 
输入：  

计算： ，

 
输出：   

双随机 
输入：  

计算：将 重塑为一个矩阵

并应用式（19） 
输出：双随机置信矩阵  

投票 
输入：  

计算：  
输出：位移矢量 由式（22）

给出 

损失 
输入：  

输出：  

图 1：我们完全可训练的图形匹配模型的计算流水线。在训练中，梯度 w.r.t.损失函数通过深度特征提取层次结构，控

制与两个图的节点和边缘相关联的一元项和二元项、得到的亲和矩阵的因式分解、匹配的特征分解解。问题和基于投票的分

配层。对于每个模块，我们展示了输入、输出和涉及的关键变量。相关的计算的详细推导在相应的论文章节中给出。 
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存储器复杂度是 2 2( )m nΘ 。这样的成本在实践中是

令人望而却步的。通过采用矩阵反向传播技术[15]，
我们可以利用矩阵M 的特殊因式分解（5），使运

算既节省内存又节省时间。事实上，撇开效率不谈，

经典方法如何通过复杂的因式分解来传播导数并

不明显，比如（5）。利用（5）和来自（4）的配方，

并省略了术语 pM ，我们得到（16）如图 2 所示。 

注意 ( )n m×
是将 1nm× 向量整形成 n m× 矩阵

的算子。对于导数，我们使用的性质是，对于任何

相容矩阵 A ，B 和V ， 

T T( ) ( ) ( )vec vec⊗ =A B V B VA  

因此，也考虑到一元项 pM ，如下 

( )

( )

T
1 1T

1 2
1

T
1 2

k k

ke k k
n m

k n m

L L+ +

+
×

×

 −∂ ∂ =
 ∂ ∂ 

∑
I v v

G G
M Mv v

H v H





 (17)  

( )T
1 1

1

k k
k

kp k k

L L+ +

+

−∂ ∂
=

∂ ∂∑
I v v

v
M Mv v

  (18)  

随着操作的仔细排序，后向传递的复杂性现在为
2 2(max( , ))O m q n p 和 ( )pqΘ 。考虑到节点边缘关联

矩阵 ,G H 的稀疏性，可以进一步提高效率。 

3.3 双随机层 

通过将特征向量 *v 映射到匹配问题(1)的 L1
约束上 ,使得幂迭代层的结果具有双重随机性 :

, 1iai
a v∀ =∑ 和 , 1iaa

i v∀ =∑ 。这是由多个作者[13, 
37, 19]提出的，因为它被观察到显著地改善了性能。

我们引入了一个新的双随机层，它以任意的对应向

量 * 1nm×
+∈v  作为输入，重塑为大小为 n m× 的矩阵，

并输出双随机变量，如[30]中所述。即使原来的算

法只假定正方形矩阵，该过程可以被推广，如在[9]
中所示。 

前向计算：给出一个初始矩阵 *
0 ( )n m×=S v ，我

们运行前向赋值 

T 1 1
1 2 1 1[ ] , [ ]k k n k k k m k

− −
+ + + += =S S 1 S S S 1 S  (19)  

 反向计算：给出一个初始梯度 /L∂ ∂S，我们计

算 

1
2

1 2

2 T T
2 2

2

[ ]

diag [ ]

k m
k k

k m k m
k

L L

L

−
+

+ +

−
+ +

+

∂ ∂
= −

∂ ∂

 ∂
−  ∂ 

S 1
S S

S 1 S 1
S

 (20)  

T 1
1

1
T

T 2 T
1 1

1

[ ]

diag [ ]

n k
k k

n n k k
k

L L

L

−
+

+

−
+ +

+

∂ ∂
= −

∂ ∂

 ∂
−  ∂ 

1 S
S S

1 1 S S
S

 (21)  

3.4 将置信图转换为位移 

我们使用一个特殊的层，称为投票层，将由双

随机层传递的置信映射 n m×∈S  转换为位移矢量。

其思想是对每个分配的点 i 进行归一化，其对应的

候选得分由S 的第 i 行给出，表示为 ( ,1 )i mS  。然

后，我们使用它来加权位置 2m×∈P    的矩阵，并

减去匹配 i 的位置。 

exp[ ( ,1 )]
exp[ ( , )]i i

j

i m
i j

α
α

= −
∑

Sd P P
S
  (22)  

T T
T T T1 1 1 1

2 1 2 1
1

T
T T1 1

2 1 2 1
1

T
T T T1 1

2 1 2 1
1

T
T 1 1
1

( ) ( ) : ( )[vec( )]( )

( )diag ( ) ( ) :

( )( ) ( ) :

( )=

k k k k
k k e

k k k

k k
k e

k k

k k
k e

k k

k k

L d d

L d

L d

+ + + +

+

+ +

+

+ +

+

+ +

− −∂
= ⊗ ⊗

∂

 − ∂
= ⊗ ⊗  ∂ 

− ∂
= ⊗ ⊗

∂

−

I v v I v vv M v G G M H H
Mv v Mv

I v vG G v H H M
Mv v

I v vG G H H v M
Mv v

I v vG
Mv



：

( )T
2 1 2

1

:k en m
k k n m

L d
×

+ ×

 ∂
  ∂ 

G H v H M
v



 (16)  

图 2：从方程式（14）出发，给出损失函数 w.r.t 的变化表示边缘亲和矩阵 eM 的变化，给出损失函数

w.r.t 的变化表示整个亲和矩阵 M 的变化。 
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这里 []现在只是一个笨重的支架。在实践中，我们

将α 设置为大值（例如 200）。通过软投票固定的

候选位置，我们的解决方案可以插值更精确的定位。

我们也为 0 的候选人设定了信心，这些人离分配点

太远，或者通过填充增加。因此，这些不会造成损

失，由如下给出。 

( ) ( )gt
i iL φ= −∑d d d  (23)  

其中 T( )φ ε= +x x x 是一个鲁棒惩罚项， gtd 是从

源点到正确赋值的地真位移。该层在多个完全可微

的步骤中实现：a）首先，将输入缩放α，b）使用

空间映射丢弃离起始位置更远的候选位置，并使用

它来修改置信度映射，c）使用软映射层到 n 计算

置信图，D）计算位移图。丢弃映射将距离超过一

定距离的点或通过填充添加的点的置信度设置为

0。这样的点在最终损失中没有贡献，由（23）给

出。 

4. 实验 

在这一节中，我们描述了使用的模型以及详细

的实验匹配结果，包括定量（包括消融研究）和定

性，在三个挑战性数据集：MPI SnTEL，CUB，和

PASCAL 关键点。 

深度特征提取网络：我们依赖于 [29]中的

VGG-16 体系结构，该体系结构在 ImageNet 
ILSVRC[28]中经过了执行分类的预训练，但是我

们可以使用任何其他深层网络体系结构。我们在

MaTrimNET[31]中实现了我们的深度学习框架。作

为边缘特征F ，我们使用层 relu5_1 的输出（以及

它下面的整个层次结构），而对于节点特征 U ，我

们使用层 relu4_2 的输出（具有与之相关的层次结

构的参数）。在将它们用于计算关联矩阵M 之前，

所有特征都通过归一化层被归一化到 1。我们在

MPISintel [6]、Caltech-UCSD Birds-200-2011[32]和
PASCAL VOC[11]上用 Berkeley 注释进行了几何和

语义对应实验[5]。 

匹配网络：GMNwVGG 是我们提出的基于

VGG 特征提取器的图形匹配网络。后缀-U 表示使

                                                           
1 一种可能的加速方法是，不像每次幂迭代期间的

松弛那样通过昂贵的层传播梯度，而是在收敛时只传播

用默认（初始）权重；-T 表示端到端的培训；

GMNwVGG-T w/o V 变体在测试中不使用表决层来

计算位移，而是直接在置信图S 的行之间分配最大

值的索引，如相应帷幕。NNwVGG 给出了基于深

度节点描述符U 的最近邻匹配。 

MPI-Sintel：除了用于验证匹配方法的主要数

据集 CUB 和 PASCAL 之外，我们还使用 Sintel 来
演示公式的通用性和灵活性。Sintel 输入图像是电

影中的连续帧，并且显示出大位移、大外观变化、

遮挡、非刚性运动和复杂的大气效应(仅包括在最

终的图像集中)。Sintel 培训集包括 23 个视频序列

（组织为文件夹）和 1064 帧。为了确保我们正在

进行公平的训练和评估，因为来自相同视频的图像

描述了相同对象的实例，我们将数据分成 18 个文

件夹（即 796 个图像对）用于训练，5 个文件夹（即

245 个图像对）用于测试。为了能够在内存使用和

描述符的可用计算分辨率的限制下设置大量的对

应关系，我们将输入图像分割成 4×4 块，以填充

最大位移，逐个匹配。注意，对于这个特定的实验，

我们不使用双随机层，因为一对一的映射约束不适

用于这个问题的本质（分配可以是多对一的，例如

在缩放中）。注意，我们的模型被设计为在包含相

似结构的两个图像之间建立对应关系，这些图像通

常来自不同的场景，没有明确地针对光流进行裁剪，

其中可以利用额外的平滑性约束。我们的 Sintel 实
验的一个重点在于展示我们方法的可伸缩性，该方

法使用大小为 6 610 10× 的关联矩阵。在 3.2 GHz 的

英特尔 Xeon 机上，一个完整的前向和后退通过大

约 2 秒的时间运行，Titan X Pascal GPU1。我们在

一次[1，2]。原则上，这不是正确的梯度，在我们的测

试中，这种方法确实没有收敛。 

方法 PCK@10 像素 
SIFT flow [22] 89.0 
DaisyFF [34] 87.3 
DSP [17] 85.3 
DM [33] 89.2 
UCN [8] 91.5 
NNwVGG-U 85.9 
NNwVGG-T 87.01 
GMNwVGG-U 88.03 
GMNwVGG-T 92.6 

表 1：Sintel 的比较匹配结果。 
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表 1 中显示定量结果。我们使用正确的关键点度量

的百分比来测试我们的匹配性能，阈值为 10 像素。

我们与其他国家的最先进的匹配方法比较，按照协

议[8]。请注意，即使未经训练，我们的网络仍然具

有竞争性，因为图结构充当正则化器。经过训练，

网络精度明显提高。在图 4 中给出了视觉示例。 

CUB：该数据集包含 200 个鸟类类别的 11788
个图像，具有包围盒对象定位和 15 个注释部分。

我们使用由[16]建立的测试集，该测试集由 5000 个

图像对组成，在[18]的姿态图上，这些图像对相距

3 个最近的邻居，所以我们可以预期，在待测试的

每对图像中，鸟儿的姿态有些相似。但是在所有的

图像中，姿势、关节和外观都有显著的变化。为了

训练我们的模型，我们从 CUB-200-2011 训练集中

随机采样图像对，这些图像在测试集中不存在。两

个图中的点数是最大 15n = 和 256m = ，取自

16 16× 网格，在第一个图上用Delaunay三角剖分，

在第二个图上完全连接。在投票层中，我们不再丢

弃离源点太远的候选位置。一个完整的前向后传球

在 0.3 秒内完成。 

我们在表 2 中显示了定量结果。“PCK@α”

度量[35]表示来自地面真实位置的比 2 2w hα + 更

接近的预测对应关系的百分比，其中 ,w h是图像维

度。定性结果如图 5 所示。 

我们的端到端完全可训练匹配模型显著优于

基于深度特征的最近邻方法（EPE 误差减半）或基

于深度特征的相似图匹配公式，这些公式没有与分

配模型联合细化。我们的模型 GMNwVGG-T W/O V，
它不使用，在测试、投票层，以计算位移不如我们

的竞争方法的软投票机制 GMNwVGG-T。我们还实

现了最先进的结果相比，UCN[8]，WARPNET[16]，
SIFT[24]和 DSP[17]，参见图 3。 

 PASCAL VOC 关键点：该数据集是 PASCAL 
VOC 2011 的扩展，包含 20 个语义类的主体部分的

注释。有 7000 个带注释的示例用于培训，1700 个

用于测试，但是我们可以在同一个类的任意两个示

例之间形成对。虽然每个类的实例数目严重失衡，

但在训练中，我们根据其对应的概率，从每个类中

抽取随机实例。在火车和测试时间，我们将每一个

例子都围绕它的边界框，将其重新缩放到

256 256× ，并将其传递给网络。我们训练一个匹配

网络的所有类（意味着是我们不能期望它们以相同

的姿势包含对象），因此，我们的模型是不可知的

语义范畴。这个数据集比 CUB 更具挑战性：边界

框的范围从非常大到非常小（例如， 30 30× ），训

练和测试对覆盖每个类的两个图像的组合，并且外

观变化更极端。我们依赖于相同的协议进行评估和

设置元参数，如在 CUB 实验中。结果在图 6 中示

出，并且在表 3 中进行比较。 

 我们测试遵循相同的协议为 CUB-200-2011，
并获得改进的最先进的。注意，UCN[8]的结果与论

文不同，因为我们使用 20 个语义类的直平均值。

他们的论文报道了基于类频率的加权平均——在

该度量下，UCN 得到 PCK@0.1 = 44，我们获得了

45.3，因此与直接平均的情况相比，改进被保留。 

方法 EPE(像素) PCK@0.05 
GMNwVGG-U 41.63 0.63 
NNwVGG-U 59.05 0.46 
GMNwVGG-T w/o V 18.22 0.83 
GMNwVGG-T 17.02 0.86 

表 2：我们的模型在 CUB 上。 

方法 EPE(像素) 
conv4 flow [23] 24.9 
SIFT flow [22] 24.7 
UCN [8] 38.9 
NNwVGG-U 25.4 
GMNwVGG-U 29.8 
GMNwVGG-T 40.6 

表 3：我们的模型以及其他国家的方法接近

PASCAL VOC。 

 
图 3：我们的方法和其他最先进的技术在 CUB 
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5. 结论 

我们提出了用于图匹配的端到端学习框架，该

框架一般适用于包含深度特征提取层次和组合优

化层的模型。我们将此问题描述为使用深参数特征

层次表示的一元节点关系和成对节点关系下的二

次指派。所有的模型参数都是可训练的，并且图形

匹配优化被包括在学习公式中。因此，主要的挑战

 

图 4：MPI SnTEL 测试分区上的四个可视化示例，其表现出大的运动和遮挡区域。从上到下：源图像

与点重叠的初始网格和目标图像与对应的匹配，由我们完全训练的网络找到。颜色是独特的，它们编

码对应。即使对于快速移动的物体，点趋向于正确地跟踪表面，而不会滑动——例如龙的翅膀、爪子

和飞行的怪物。 

 
图 5：MPI SnTEL 测试分区上的四个可视化示例，其表现出大的运动和遮挡区域。从上到下：源图像

与点重叠的初始网格和目标图像与对应的匹配，由我们完全训练的网络找到。颜色是独特的，它们编

码对应。即使对于快速移动的物体，点趋向于正确地跟踪表面，而不会滑动——例如龙的翅膀、爪子

和飞行的怪物。 

 

图 6：十二个性能最好的网络 GMNWVGG-T在 PASCAL VOC 测试集上的例子。对于每一对示例，左

边显示源图像，右边显示目标。颜色标识计算点之间的分配。即使在极端的外观和姿态变化下，该

方法也能找到匹配。 
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是通过复杂矩阵层计算反向传播导数，并以计算有

效的方式实现整个框架(亲和矩阵的因式分解，双

随机层)。我们在 PASCAL VOC 关键点、Sintel 和
CUB 等不同数据集上的实验和烧蚀研究表明，完

全学习的图匹配模型优于最近邻匹配模型，或使用

深度特征层次结构的方法，而深度特征层次结构没

有与（受约束）二次分配问题一起细化。 
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